Performance Analysis of a Low-Interference N-Continuous OFDM Scheme by Wei, Peng et al.
ar
X
iv
:1
81
1.
11
04
4v
2 
 [c
s.I
T]
  5
 D
ec
 20
18
1
Performance Analysis of a Low-Interference
N-Continuous OFDM Scheme
Peng Wei, Lilin Dan, and Yue Xiao
Abstract—This paper investigates two issues of power spectrum
density (PSD) and bit error rate (BER) of an N-continuous
orthogonal frequency division multiplexing (NC-OFDM) aided
low-interference time-domain scheme, when the smooth signal
is designed by the linear combination of basis signals truncated
by a window. Based on the relationship between the continuity
and sidelobe decaying, the PSD performance is first analyzed
and compared, in terms of the highest derivative order (HDO)
N and the length of the smooth signal L. Since the high-order
derivative of the truncation window has the finite continuity, the
N-continuous signal has two finite continuities, which may have
different continuous derivative orders. In this case, we develop
a close PSD expression by introducing another smooth signal,
which is also linearly combined by other basis signals, to explain
the sidelobe decaying related to N and L. Then, in the context of
BER, considering the multipath Rayleigh fading channel, based
on the effect of the delayed tail of the smooth signal to the
received signal, we provide a procedure for calculating the BER
expressed in the form of an asymptotic summation.
Index Terms—BER, N-continuous orthogonal frequency divi-
sion multiplexing (NC-OFDM), PSD, sidelobe decaying, time-
domain N-continuous OFDM (TD-NC-OFDM).
I. INTRODUCTION
O
RTHOGONAL frequency division multiplexing
(OFDM) has been widely adopted in wireless
communications [1] due to its high-speed data transmission
and capability of combating the inter-symbol interference (ISI)
in frequency selective fading channels. However, traditional
rectangularly pulsed OFDM has high out-of-band power
emission, causing severe interference to adjacent channels
[2]. To solve the problem, many sidelobe suppression methods
have been proposed in OFDM systems [3]–[6].
Recently, due to excellent sidelobe suppression perfor-
mance, N-continuous OFDM (NC-OFDM) has been paid more
attention [7]–[17]. By making the OFDM signal and its first
N derivatives continuous, NC-OFDM removes the discontinu-
ities of the OFDM signal and achieves a steep out-of-band
spectrum. In these methods, aiming at complexity reduction,
Refs. [15] and [16] propose a time-domain NC-OFDM (TD-
NC-OFDM) by adding a smooth signal into the conventional
OFDM signal in the time domain. Furthermore, in order to
reduce the interference, a low-interference TD-NC-OFDM is
developed with a redesign of basis signals truncated by a
smooth window [17], while maintaining compact spectrum and
low complexity overhead. However, when the length of the
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smooth signal is small, the sidelobe suppression performance
is degraded. On the contrary, when the length of the smooth
signal is large, a worse BER is obtained. Therefore, to evaluate
this low-interference scheme, this paper focuses on power
spectrum density (PSD) and bit error rate (BER), which are
considered to be two of the most important performance
measures for communication systems.
The contributions of this paper are detailed as follows.
• According to the relationship between the continuity and
sidelobe decaying proved in [18], by using the high-order
derivative of the N-continuous signal, TD-NC-OFDM
in [16] has given a tight PSD expression, where the
sidelobe decays as f−N−2 with the highest derivative
order (HDO) N. Different from only one finite continuity
of the N-continuous signal per TD-NC-OFDM symbol,
which is associated with the HDO, the N-continuous
signal generated by the low-interference scheme has two
finite continuities, which may possess different contin-
uous derivative orders. The reason is that due to the
truncation window, the finite continuous derivative of
the N-continuous signal is related to the HDO at the
beginning of the smooth signal and independent of the
HDO at the end of the smooth signal. Consequently, to
derive a close PSD expression, another smooth signal is
introduced by a linear combination of other basis signals,
which is capable of showing the sidelobe decaying caused
by the two different finite continuities. It is shown that
the analyzed PSD is closed to the simulation results with
respect to the HDO and the length of the smooth signal.
• In the multipath channel, for the different delays in the
different paths, when the length of the smooth signal
is long, the delayed tail of the smooth signal results in
different interferences in different paths. Based on this, a
close-form expression of signal-to-interference-plus-noise
ratio (SINR) is first derived, matching well with the simu-
lation results. Then, with the analyzed SINR, a procedure
of calculating the BER of the low-interference scheme in
the multipath Rayleigh fading channel is provided in the
form of an asymptotic summation.
The remainder of this paper is organized as follows. In
Section II, the low-interference TD-NC-OFDM scheme is
described. In Section III, related to the HDO and the length
of the smooth signal, the analysis of PSD is first discussed
in three cases, and then based on the analyzed SINR, an
asymptotic BER expression is derived. Our numerical results
and comparisons are outlined in Section IV. Finally, our
conclusions are offered in Section V.
2II. LOW-INTERFERENCE TD-NC-OFDM
In an OFDM system with the symbol length M and the sub-
carrier index set K = {k0, k1, . . . , kK−1}, the low-interference
scheme proposed in [17] adds a smooth signal wi(m) onto
the ith cyclic prefix (CP)-OFDM symbol yi(m) in the time
domain, given as
y¯i(m) = yi(m) + wi(m), (1)
where m ∈ M = {−Mcp,−Mcp + 1, . . . ,M − 1} and Mcp
is the CP length. Since the smooth signal is aligned with
the beginning of the OFDM symbol and added to the front
part of each cyclic-prefixed OFDM symbol, to obtain the N-
continuous OFDM signal, wi(m) should satisfy
w
(n)
i (m)
∣∣∣
m=−Mcp
= y
(n)
i−1(m)
∣∣∣
m=M
− y(n)i (m)
∣∣∣
m=−Mcp
, (2)
where y
(n)
i (m) is the nth derivative of yi(m) and n∈UN,
{0, 1, . . . , N} with the HDO N.
The linear-combination design of wi(m) is described as
wi(m) =


N∑
n=0
bi,nf˜n(m), m ∈ L,
0, m ∈M\L,
(3)
where L , {−Mcp,−Mcp+1, . . . ,−Mcp+L−1} indicates
the location of wi(m) with a support length of L. The preset
basis signals f˜n(m) belong to the basis set Q, defined as
Q,
{
qn˜
∣∣∣qn˜=[f˜n˜(−Mcp), . . . , f˜n˜(−Mcp+L−1)]T, n˜∈U2N
}
,
(4)
where U2N = {0, 1, . . . , 2N}. In the basis set Q, the basis
signals f˜n(m) is truncated by a window g(m), given as
f˜n˜(m) =
{
f (n˜)(m)g(m)u(m), m ∈ L,
0, m ∈M\L, (5)
where u(m) denotes the unit-step function, g(m) is a smooth
and zero-edged window function, such as the triangular, Han-
ning, or Blackman window function, and f (n˜)(m) is designed
by [17]
f (n˜)(m) =
1
M
(
j2π
M
)n˜ ∑
kr∈K
kn˜r e
−jϕkrej2π
kr
M
m. (6)
To calculate the coefficients bi,n, by substituting (3)-(6) into
(2), we have
bi = P
−1
f˜
[
yi−1(M)− yi(−Mcp)
P1xi−1 −P2xi
]
, (7)
where bi = [bi,0, bi,1, . . . , bi,N ]
T, Pf˜ is a (N +1)× (N +1)
symmetric matrix with its (n+1)th row and (n¯+1)th column
element f˜ (n+n¯)(−Mcp) for n, n¯ ∈ UN ,
P1 =
1
M


j2πk0/M · · · j2πkK−1/M
...
...
(j2πk0/M)
N · · · (j2πkK−1/M)N

 ,
P2 = P1Φ, xi = [xi,k0 , xi,k1 , . . . , xi,kK−1 ]
T is the ith
frequency complex data vector using phase shift keying
(PSK) or quadrature amplitude modulation (QAM), Φ ,
diag(ejϕk0 , ejϕk1 , . . . , ejϕkK−1), and ϕ = −2πMcp/M .
Finally, following the design in (3) with the preset basis
signals and the calculated coefficients and the way to add the
smooth signal in (1), the N-continuous symbol vector y¯i is
generated as
y¯i =

yi +
[
Qf˜bi
0(M+Mcp−L)×1
]
, 0 ≤ i ≤Ms − 1,
Qf˜bi, i = Ms,
(8)
where Qf˜ = [q0 q1 . . . qN ], Ms is the number of OFDM
symbols, and x−1 is initialized as a zero vector x−1 = 0K×1.
III. PERFORMANCE ANALYSIS OF PSD AND BER
A. Spectral Analysis
In a continuous time, the transmit N-continuous OFDM
signal is
s(t) =
+∞∑
i=0
y¯i(t− iT ) (9)
where y¯i(t) is the N-continuous baseband OFDM symbol,
formulated as
y¯i(t) =


K−1∑
r=0
x¯i,kre
j2π kr
Ts
t, −Tcp≤ t<−Tcp+TL,
K−1∑
r=0
xi,kre
j2π kr
Ts
t, −Tcp+TL≤ t<Ts,
(10)
x¯i,kr is the N-continuous data on subcarrier kr, T = Ts+Tcp
with the symbol period Ts and the CP duration Tcp, and TL
is the duration of the smooth signal.
Upon assuming that s(t) and its first N derivatives are
continuous, and its (N+1)th derivative has finite amplitude
discontinuity [20], and following the definition of the PSD [6]
and the relationship between spectral roll-off and continuity
in [18], the PSD of s(t) in (9) can be expressed by
Ψ(f)= lim
U→∞
1
2UT
E


∣∣∣∣∣∣
U−1∑
i=−U
F
{
y¯
(N+1)
i (t)
}
(j2πf)
N+1
ej2πfiT
∣∣∣∣∣∣
2

, (11)
where F{·} is the Fourier Transform in [−Tcp, Ts).
Eq. (11) has been derived in [16], conditioned that the
discontinuity of the (N+1)th derivative just appears at the
moment between two consecutive y¯i(t). However, observing
the design of the basis signal in (5), we can obtain that
since the truncation window g(t) with zero edges cannot
possess infinite continuous derivatives at its end, where its
derivative is unrelated to the HDO N, differentiating y¯i(t)
may yield another discontinuity at the end of the smooth
signal, while this discontinuity may have different deriva-
tive order from the one between two consecutive y¯i(t). In
this case, Eq. (11) may not be available. In the following
PSD analysis, the symmetric Blackman window function is
used as an example of the truncation window g(t), where
g(t) = 0.42 − 0.5 cos (πt/TL) + 0.08 cos (2πt/TL) with
TL = (L−1)Tsamp and the sampling interval Tsamp = Ts/M .
According to the first and second derivatives of
the Blackman function, 0.5(π/TL) sin(πt/TL) −
30.16(π/TL) sin(2πt/TL) and 0.5(π/TL)
2 cos(πt/TL) −
0.32(π/TL)
2 cos(2πt/TL), we obtain that for t ∈ (−∞,+∞),
the former is continuous and the latter is discontinuous with
finite amplitudes at the edges of 0 and 2TL. As shown in
Fig. 1, when N ≥ 1, the discontinuities of y¯(N+1)i (t) may
appear at time −Tcp or −Tcp + TL, where the end of the
smooth signal −Tcp + TL is corresponding to that of the
truncation window 2TL. Since these two discontinuities may
not simultaneously appears when y¯i(t) is differentiated by
N+1 times, three cases are discussed as follows.
-Tcp -Tcp+TL 0 Ts
wi
(n)
(t)
yi
(n)
(t)
Fig. 1. Diagram of the discontinuities of high-order derivatives of the low-
interference TD-NC-OFDM signal during one baseband OFDM symbol.
Firstly, we rewrite (7) in the form as
bi = P
−1
f˜
P˜1xi−1 −P−1
f˜
P˜1Φxi, (12)
where
P˜1 =
[
[ 1
M
· · · 1
M
]K×1
P1
]
.
Thus, according to (3)-(6) and (12), the continuous-time
baseband smooth signal wi(t) can be written by
wi(t) =
N∑
n=0
K−1∑
r=0
(anrxi−1,kr − bnrxi,kr ) f˜n(t), (13)
where anr and bnr are, respectively, the (n+1)th row and (r+
1)th column elements of P−1
f˜
P˜1 and P
−1
f˜
P˜1Φ, and f
(n)(t)
and g(t) consisting of f˜n(t) are, respectively, given by
f (n)(t) =
1
M
∑
kr∈K
(
j2π
kr
Ts
)n
ej2π
kr
Ts
(t+Tcp), (14)
and
g(t) =0.42− 0.5 cos (π(t+ Tcp + TL)/TL)
+ 0.08 cos (2π(t+ Tcp + TL)/TL) . (15)
1) N = 0: By differentiating s(t), it can be shown in Fig.
1 that the first derivative y¯
(1)
i (t) is discontinuous at time −Tcp
and the second derivative y¯
(2)
i (t) has a new discontinuities at
time Tcp+TL. In this case, the first derivative is considered to
express the PSD. The reasons are explained as follows. On the
one hand, since the data between two different OFDM symbols
are independent, the discontinuity of y¯
(1)
i (t) at time −Tcp is
mostly large upon amplitude and phase, while according to
(11) and [16], its sidelobe decays as f−2. On the other hand,
g(−Tcp+TL) = g(1)(−Tcp+TL) = 0 and for TL much larger
than 2π, g(2)(−Tcp + TL) = 0.5(π/TL)2 − 0.08(2π/TL)2 is
small, while from (11) and [16], its sidelobe decays as f−3.
Upon summarizing the above two reasons, the PSD of s(t)
can be expressed as
Ψ(f)= lim
U→∞
1
2UT
E


∣∣∣∣∣∣
U−1∑
i=−U
F
{
y¯
(1)
i (t)
}
j2πf
e−j2πfiT
∣∣∣∣∣∣
2

, (16)
where since the support range of g(t) is [−Tcp,−Tcp + TL],
F
{
y¯
(1)
i (t)
}
can be written by
F
{
y¯
(1)
i (t)
}
=
1
T
Ts∫
−Tcp
y
(1)
i (t)e
−j2πftdt+
1
T
−Tcp+TL∫
−Tcp
w
(1)
i (t)e
−j2πftdt.
(17)
Substituting (10) and (13)-(15) into (17) yields
F
{
y¯
(1)
i (t)
}
=
K−1∑
r=0
j2πkr
Ts
xi,kr
sinc(fr(1 + β1))
ejπfr(β1−1)
+
1
T
K−1∑
r¯=0
(a0r¯xi−1,kr¯−b0r¯xi,kr¯ )F0(f), (18)
where sinc(x) , sin(πx)/(πx), fr = kr − Tsf ,
F0(f) =
1
M
K−1∑
r=0
ejπ(2Tcpf+β2fr)
(
j2πkr
(
0.42β2sinc(β2fr)
− j2πfr cos(πβ2fr)
(1− 4(β2fr)2)T 2s
− 0.08β
2
2fr sin(πβ2fr)
π(1 − (β2fr)2)
)
− cos(πβ2fr)
1− 4(β2fr)2 +
j0.16 sin(πβ2fr)
1− (β2fr)2
)
, (19)
β1 = Tcp/Ts, and β2 = TL/Ts.
By substituting (17)-(19) into (16), we have
Ψ(f) = lim
U→∞
1
2UT
E
{∣∣∣∣∣
U−1∑
i=−U
e−j2πfiT
·
(K−1∑
r=0
krxi,kre
jπfr(1−β1) sinc(fr(1 + β1))
fTs
+
1
T
K−1∑
r¯=0
(a0r¯xi−1,kr¯ − b0r¯xi,kr¯ )
F0(f)
j2πf
)∣∣∣∣∣
2}
, (20)
which shows that when f is large, the PSD of s(t) with its
0th derivative continuous decays as f−4.
2) N = 1: Since the discontinuities of y¯
(2)
i (t) appears at
both time −Tcp and time −Tcp+TL. Thus, according to (11),
the PSD of s(t) can be directly expressed as
Ψ(f)= lim
U→∞
1
2UT
E


∣∣∣∣∣∣
U−1∑
i=−U
F
{
y¯
(2)
i (t)
}
(j2πf)2
e−j2πfiT
∣∣∣∣∣∣
2

, (21)
where
F
{
y¯
(2)
i (t)
}
=
1
T
Ts∫
−Tcp
y
(2)
i (t)e
−j2πftdt+
1
T
−Tcp+TL∫
−Tcp
w
(2)
i (t)e
−j2πftdt.
(22)
4Substituting (10) and (13)-(15) into (22) yields
F
{
y¯
(2)
i (t)
}
=
K−1∑
r=0
(
j2πkr
Ts
)2
xi,kr
sinc(fr(1 + β1))
ejπfr(β1−1)
+
1
T
1∑
n=0
K−1∑
r¯=0
(anr¯xi−1,kr¯−bnr¯xi,kr¯ )F1(n, f), (23)
with
F1(n,f) =
1
M
K−1∑
r=0
2∑
n¯=0
(
2
n¯
)(
j2πkr
Ts
)n+2−n¯
· ejπ(2Tcpf+β2fr)
(
0.42(n¯)TLsinc(β2fr)
− cos(πβ2fr)
(
sin(πn¯2 ) + j2β2fr cos(
πn¯
2 )
)
(π/TL)
1−n¯
(1− 4(β2fr)2)
+ 0.16
sin(πβ2fr)
(
j sin(πn¯2 )−β2fr cos(πn¯2 )
)
(2π/TL)
1−n¯
(
1− (β2fr)2
) , (24)
where
(
2
n¯
)
is the binomial coefficient.
From (22)-(24), Eq. (21) can be expressed as
Ψ(f) = lim
U→∞
1
2UT
E
{∣∣∣∣∣
U−1∑
i=−U
e−j2πfiT
·
(K−1∑
r=0
k2rxi,kre
jπfr(1−β1) sinc(fr(1 + β1))
(fTs)2
− 1
T
1∑
n=0
K−1∑
r¯=0
(anr¯xi−1,kr¯−bnr¯xi,kr¯ )
F1(f)
(2πf)2
)∣∣∣∣∣
2}
, (25)
which shows that when s(t) and s(1)(t) are continuous, for
the large f , the PSD decaying of s(t) arrives at f−6.
3) N ≥ 2: Different from above two cases, upon differenti-
ating s(t), the discontinuity first appears at time −Tcp+TL and
then at time Ts. According to (25), it can be inferred that the
sidelobe of s(t) decays as f−3. Furthermore, g(−Tcp+TL) =
g(1)(−Tcp + TL) = 0 and when the TL is large, the much
smaller g(2)(−Tcp + TL) = 0.5(π/TL)2 − 0.08(2π/TL)2 will
lead to a slight discontinuity of w
(2)
i (t) at time −Tcp + TL.
Consequently, the sidelobe decaying will approach to f−N−2
caused by the discontinuity at time Ts.
To calculate the PSD, we introduce another smooth signal
w˜i(t), which can eliminate the discontinuity of y¯
(2)
i (t) at time
−Tcp + TL. Thus, from (11), we can derive that
Ψ(f) = lim
U→∞
1
2UT
E
{∣∣∣∣∣
U−1∑
i=−U
F
{
y¯
(2)
i (t)+w˜i(t)−w˜i(t)
}
ej2πfiT (j2πf)2
∣∣∣∣∣
2}
= lim
U→∞
1
2UT
E
{∣∣∣∣∣
U−1∑
i=−U
e−j2πfiT
(
− F {w˜i(t)}
(j2πf)2
+
F
{(
y
(2)
i (t) + w
(2)
i (t) + w˜i(t)
)(N−1)}
(j2πf)N+1
)∣∣∣∣∣
2}
, (26)
In order to smooth y¯
(2)
i (t) at time −Tcp+TL, the ideal result
is that y¯
(2)
i (t)+w˜i(t) possesses infinite continuous derivatives,
and the worst result is that y¯
(2)
i (t) + w˜i(t) and its first N − 1
derivatives continuous. In this paper, similar to (3), w˜i(t) is
also designed by a linear combination of basis signals. The
ideal design requires infinite basis signals, which cannot be
achieved and can be approximated in simulation. Therefore,
taking the worse condition for an example, we provide a design
of w˜i(t) formulated as
w˜i(t) =


N−1∑
n=0
b˜i,nf
(n)(t), −Tcp + TL ≤ t < Ts,
0, otherwise,
(27)
for nˆ = 2, 3, . . . , N , which satisfies
w˜
(nˆ−2)
i (t)
∣∣∣
t=Ts
= 0, (28a)
w˜
(nˆ−2)
i (t)
∣∣∣
t=−Tcp+TL
= w
(nˆ)
i (t)
∣∣∣
t=−Tcp+TL
. (28b)
By substituting (27) into (28), the coefficients b˜i,n is calculated
by
b˜i =
[
Q1
Q2
]† [
0(N−1)×1
wi,L
]
=
(
QH1Q1 +Q
H
2Q2
)−1
QH2wi,L,
(29)
where b˜i = [b˜i,0, . . . , b˜i,N−1]T, the Moore-Penrose inverse is[
Q1
Q2
]†
=
(
QH1Q1 +Q
H
2Q2
)−1 [
QH1 Q
H
2
]
,
Q1 =


f (0)(Ts) · · · f (N−1)(Ts)
...
...
f (N−2)(Ts) · · · f (2N−3)(Ts)

 ,
Q2 =


f (0)(−Tcp + TL) · · · f (N−1)(−Tcp + TL)
...
...
f (N−2)(−Tcp + TL) · · · f (2N−3)(−Tcp + TL)

 ,
and wi,L = [w
(2)
i (−Tcp + TL), . . . , w(N)i (−Tcp + TL)]T.
Then, from (14), (27), and (29), w˜i(t) can be expressed by
w˜i(t) =
1
M
N−1∑
n=0
N∑
nˆ=2
K−1∑
r=0
qn,nˆ
w
(nˆ)
i (−Tcp + TL)
e−j2π
kr
Ts
(t+Tcp)
(
j2πkr
Ts
)n
,
(30)
where qn,nˆ is the (n+1)th row and (nˆ−1)th column element
of matrix
(
QH1Q1 +Q
H
2Q2
)−1
QH2 for n = 0, 1, . . . , N − 1
and nˆ = 2, 3, . . . , N . Hence, we can obtain that
F
{
w˜
(N−1)
i (t)
}
=
1
T
Ts∫
−Tcp+TL
w˜
(N−1)
i (t)e
−j2πftdt
=
Ts
MT
N−1∑
n=0
N∑
nˆ=2
K−1∑
r=0
qn,nˆw
(nˆ)
i (−Tcp + TL)
·
(
j2πkr
Ts
)N−1+n
sin(π(1− β2 + β1)fr)
πfre−jπ((1+β2)fr+β1f¯r)
, (31)
where f¯r = kr + Tsf .
5Furthermore, we can derive that
F
{
y
(N+1)
i (t)
}
=
1
T
Ts∫
−Tcp
y
(N+1)
i (t)e
−j2πftdt
=
K−1∑
r=0
(
j2πkr
Ts
)N+1
xi,kre
jπfr(1−β1)sinc(fr(1+β1)), (32)
F
{
w
(N+1)
i (t)
}
=
1
T
−Tcp+TL∫
−Tcp
w
(N+1)
i (t)e
−j2πftdt
=
1
T
N∑
n=0
K−1∑
r¯=0
(anr¯xi−1,kr¯ − bnr¯xi,kr¯ )F2(n, f), (33)
where F2(f) is given by
F2(n,f) =
1
M
K−1∑
r=0
N+1∑
n¯=0
(
N+1
n¯
)(
j2πkr
Ts
)n−n¯+N+1
· ejπ(2Tcpf+β2fr)
(
0.42(n¯)TLsinc (β2fr)
− cos(πβ2fr)
sin(πn¯2 ) + j2β2fr cos(
πn¯
2 )
(π/TL)1−n¯(1− 4(β2fr)2)
+ 0.16 sin(πβ2fr)
j sin(πn¯2 )− β2fr cos(πn¯2 )
(2π/TL)1−n¯(1− (β2fr)2)
)
. (34)
Finally, substituting (30)-(33) into (26) yields
Ψ(f) = lim
U→∞
1
2UT
E
{∣∣∣∣∣
U−1∑
i=−U
e−j2πfiT
·
(
K−1∑
r=0
kN+1r xi,kre
jπfr(1−β1) sinc(fr(1+β1))
(Tsf)N+1
+
1
T
N∑
n=0
K−1∑
r¯=0
(anr¯xi−1,kr¯−bnr¯xi,kr¯ )
F2(n, f)
(j2πf)N+1
− Ts
MT
N−1∑
n=0
N∑
nˆ=2
K−1∑
r=0
qn,nˆw
(nˆ)
i (−Tcp+TL)
(
kr
Ts
)N−1+n
· ejπ((1+β2)fr+β1f¯r) sin(π(1− β2 + β1)fr)
4π3frfN+1
+
Ts
MT
N−1∑
n=0
N∑
nˆ=2
K−1∑
r=0
qn,nˆw
(nˆ)
i (−Tcp+TL)
(
j2πkr
Ts
)n
· ejπ((1+β2)fr+β1f¯r) sin(π(1−β2 + β1)fr)
4π3frf2
)∣∣∣∣∣
2}
. (35)
It can be inferred in (35) that when f is large, the PSD
decaying is affected by two parts, where one has the sidelobe
decaying with f−2N−4 and another has the decaying of f−6.
When the TL is large, since F2(n, f) in (34) is in inverse
proportion to the TL, F2(n, f) has small value. Furthermore,
due to the zero end of g(t) and g(1)(t) and the small end of
g(2)(t) as analyzed above, w
(n¯)
i (−Tcp + TL) also becomes
smaller. These two reduced values make the last term in
(35) smaller. Thus, in this case, the PSD decaying of s(t)
approaches to f−2N−4. On the contrary, with the reduced
TL, the PSD decaying will asymptoticly arrive at f
−6. Fig. 2
further validates our analysis, where the derived PSD and sim-
ulation results of the low-interference scheme are compared
with different Ls and Ns and the parameter configuration will
be shown in Section IV. It is shown that the simulation results
match well with the PSD expressions in (20), (25), and (32).
When N or L increase, the sidelobe suppression performance
is significantly enhanced. On the contrary, decreasing N or L
degrades the sidelobe suppression performance. It is noted that
due to the difference between the ideal design and the design
given in (27), when f is large, there will be a gap between
the analysis and the simulation.
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Fig. 2. PSD comparison between our analysis and simulation results in the
low-interference TD-NC-OFDM.
B. BER Analysis in a Multipath Fading Channel
In a multipath channel with time-domain coefficients hi,l˜
on the l˜th path, the ith received OFDM symbol ri(t) is given
by
ri(t) =
L˜∑
l˜=1
hi,l˜y¯i(t− τl˜) + ni(t), (36)
where hi,l˜ is a complex value following independent and
identically distributed (i.i.d.) with mean zero and variance
σ2
l˜
, τl˜ is the time delay along the l˜th path, and ni(t) is the
additive white Gaussian noise (AWGN) noise with mean zero
and variance σ2n.
Under the assumption of perfect synchronization and long
enough CP to combat the channel effect, after removing CP
and an M-point discrete Fourier transform (DFT), the received
signal on the subcarrier kr is
Ri,kr =Hi,kr Y¯i,kr+Ni,kr=Hi,kr (xi,kr+Wi,kr )+Ni,kr , (37)
where Ri,kr , Y¯i,kr , and Ni,kr are the frequency-domain ex-
pression of ri(t), y¯i(t), and ni(t), respectively, Hi,kr is the
frequency-domain channel response, and Wi,kr is the interfer-
ence caused by the smooth signal wi(t).
6From (37), the instantaneous SINR on the subcarrier kr can
be expressed as
γi,kr =
|Hi,kr |2E
{
|xi,kr |2
}
|Hi,kr |2E
{
|Wi,kr |2
}
+ E
{
|Ni,kr |2
} . (38)
In (38), assuming that xi,kr are independent identically
distributed (i.i.d.) random variables with mean zero and unit
variance, we have E
{
xix
H
i
}
= IK and E
{
xi−1xHi
}
=
0K×K . Moreover, E{|Ni,kr |2} can be simplified as
E
{
|Ni,kr |2
}
=E
{
nHi F
H
kr
Fkrni
}
= Tr
{
FkrE
{
nin
H
i
}
FHkr
}
= Mσ2n. (39)
where Fkr = [e
−j2π kr
M
0 e−j2π
kr
M · · · e−j2π krM (M−1)] and
ni = [ni(0), ni(1), . . . , ni(M − 1)]T.
1th path
Interference of wi(m)
th pathl
\LP \LP
\LP \LP
Fig. 3. Illustration of the effect of the smooth signal in the multipath channel
without power attenuation and Gaussian noise.
To calculate the E{|Wi,kr |2} in (38), the distribution of the
smooth signal should be first investigated. As illustrated in
Fig. 3, varying time delays in different channel paths lead to
varying interferences from the delayed tails of wi(l). With an
increased time delay or the length of wi(l), the interference
caused by wi(l) increases. Based on this, we obtain that
E
{
|Wi,kr |2
}
= E


∣∣∣∣∣∣Fkr
L˜∑
l˜=1
[
w˜i,l˜
0(M−θ
l˜
)×1
]∣∣∣∣∣∣
2


=Tr

FkrE



 L˜∑
l˜=1
[
w˜i,l˜
0(M−θ
l˜
)×1
]

 L˜∑
l˜=1
[
w˜i,l˜
0(M−θ
l˜
)×1
]
H

FHkr

,
(40)
where w˜i,l˜ denotes the delayed tail of wi(l) in the l˜th path,
expressed by
w˜i,l˜ =
[
0θ
l˜
×(L−θ
l˜
) Iθl˜
]
Qf˜bi, (41)
and θl˜ = round{τl˜/Tsamp} + L − Mcp with the rounding
operation round{·}.
Upon substituting the above equation into (40), we have
E
{
|Wi,kr |2
}
= 2FkrUQf˜P
−1
f˜
P˜1P˜
H
1
(
P−1
f˜
)H
QH
f˜
UHFHkr
= 2σ2w,kr , (42)
where the M × L matrix U is expressed by
U =
L˜∑
l˜=1
[ [
0θ
l˜
×(L−θ
l˜
) Iθl˜
]
0(M−θ
l˜
)×L
]
.
Thus, according to (39) and (42), γi,kr given in (38) can be
expressed as
γi,kr=
|Hi,kr |2
2σ2w,kr |Hi,kr |
2
+Mσ2n
. (43)
Fig. 4 compares the analyzed average SINR in (43) and
simulation results in the 3GPP LTE Extended Vehicular A
(EVA) channel model [19], whose parameters will be given
in Section IV, where the average SINR is defined as γSINR =
1
K
∑
kr∈K
E{γi,kr}. We observe that the analyzed γSINR pro-
vides good approximation to the simulation results. It also
revealed that the signal-to-noise ratio (SNR) loss is negligible
in the low-interference TD-NC-OFDM. Even if the length
of w˜i(l) becomes longer and the HDO is increased, such as
N = 4 and L = 1000, the low-interference scheme still has
the close SINR to conventional OFDM, which is much higher
than conventional NC-OFDM [7] and TD-NC-OFDM [16].
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Fig. 4. Average SINRs of our analysis and simulation of the low-interference
N-continuous signals with different Ls and Ns in the multipath fading channel.
In the following BER analysis, the subscripts associated
with subcarrier and time index are removed. Hence, via
defining |Hi,kr |2 = α, γi,kr = γ, and σ2w,kr = σ2w, Eq. (43)
can be expressed by
γ =
α
2σ2wα+Mσ
2
n
. (44)
Eq. (44) shows that γ is a monotonically increasing con-
tinuous derivable function with an inverse α = f(γ) =
Mσ2nγ/(1− 2σ2wγ). Then, according to the property of the
composite function, the probability density function (PDF)
pγ(γ) of γ can be formulated as
pγ(γ) = pα(f(γ))f
(1)(γ), (45)
7where the PDF of α is an exponential function pα(α) =
1
E{α}e
− α
E{α} with E{α} =
L˜∑
l˜=1
σ2
l˜
, hence, we derive that
pγ(γ)=


Mσ2ne
− Mσ
2
nγ
E{α}(1−2σ2wγ)
E{α}(1− 2σ2wγ)2
, 06γ< 12σ2w
,
0, otherwise.
(46)
With the aid of (46), the BER expression of an uncoded
QAM based OFDM over the Rayleigh fading channel is
expressed by
pb(E) =
+∞∫
0
pb (E|γ) pγ(γ)dγ, (47)
where the conditional BER pb (E|γ) of QAM is given by [22]
pb (E|γ) = 2√
J log2
√
J
log2
√
J∑
u1=1
(1−2−u1 )√J−1∑
u2=0
(−1)⌊
u22
u1−1√
J
⌋
·
(
2u1−1−
⌊
u22
u1−1
√
J
+
1
2
⌋)
Q
(
(2u2+1)
√
3 log2 J
J − 1 γb
)
, (48)
J is the size of constellations for the square QAM, γb =
γ/ log2 J denotes the SNR per bit, and ⌊x⌋ denotes the largest
integer to x.
Then, according to the proof in Appendix, the asymptotic
BER expression defined in (47) is derived as
pb(E) =
2√
J log2
√
J
log2
√
J∑
u1=1
(1−2−u1)√J−1∑
u2=0
(−1)⌊
u22
u1−1√
J
⌋
·
(
2u1−1−
⌊
u22
u1−1
√
J
+
1
2
⌋)(
1
2
− 1√
π
+∞∑
v1=0
+∞∑
v2=0
(−1)v1+v2
v1!(2v1+1)
·
(
3(2u2 + 1)
2
2(J − 1)
)v1+ 12 (Mσ2n)v2+1
v2!(E{α})v2+1
(σ−)v1+v2+
3
2
v1 + v2 +
3
2
· 2F1(v2 + 2, v1 + v2 + 3
2
; v1 + v2 +
5
2
; 2σ2wσ
−)
)
, (49)
where 2F1(·, ·; ·; ·) is the hypergeometric function and σ− =
lim
ǫ>0 and ǫ→0
{ 12σ2w − ǫ}.
Finally, the average BER can be expressed by
p(E) =
1
K
∑
kr∈K
pb,kr(E), (50)
where pb,kr(E) is the pb(E) derived in (49) with the subcarrier
index.
IV. NUMERICAL RESULTS
In this section, we present our performance results char-
acterizing the low-interference N-continuous scheme aided
OFDM system employing 16-QAM on K=256 subcarriers,
each having the subcarrier spacing of ∆f = 1/Ts=15KHz,
and transmitting the signal with the sampling interval Tsamp =
Ts/2048 and the CP duration of Tcp = 144Tsamp. For
portraying the PSD performance, we employ the Welch’s av-
eraged periodogram method [21] with a 2048-sample Hanning
window and 512-sample overlap. In order to show the BER
performance in the multipath fading environment, we adopt
the EVA channel model given in [19], which is a multipath
Rayleigh fading channel with excess tap delay [0, 30, 150,
310, 370, 710, 1090, 1730, 2510] ns and relative power [0,
-1.5, -1.4, -3.6, -0.6, -9.1, -7, -12, -16.9] dB.
Fig. 5 shows the influence of the HDO N and the length of
the smooth signal L on the low-interference scheme compared
to conventional NC-OFDM, where N = 0, 1, 2, 3, 4 and
L = 144, 500, 1000. From the results, we observe that the low-
interference scheme can achieve a close sidelobe suppression
performance to traditional NC-OFDM. When N is large and L
is small, the sidelobe decaying speed of the low-interference
scheme is reduced, for example, N=3 and L=36. As expected,
with the increased L, such as from L=36 to L=144, a more
steep out-of-band spectrum can be achieved.
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Fig. 5. PSDs of NC-OFDM and the low-interference scheme with varying
HDOs and the smooth signal lengths.
Fig. 6 illustrate the average BER performance versus the
per-bit SNR among OFDM, conventional NC-OFDM, the low-
interference scheme. It confirms, not surprisingly, that the
smooth signal has a slightly negative effect to the BER in the
multipath fading channel, corresponding to the SINR analysis
in Section III-B. For example, when N=4, compared to OFDM,
the BER performance of NC-OFDM is significantly degraded,
and even if L is increased to 1000, the low-interference
scheme still has a considerable BER. Although the interference
in NC-OFDM can be well eliminated by a signal recovery
algorithm [7] with 8 iterations, compared to OFDM and the
low-interference scheme, the computation efficiency is reduced
at the receiver.
V. CONCLUSION
In this contribution, the PSD and BER performances of the
low-interference TD-NC-OFDM scheme has been investigated
and compared with various HDOs and lengths of the smooth
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Fig. 6. BERs of NC-OFDM and the low-interference scheme with varying
HDOs and the smooth signal lengths in the multipath Rayleigh fading channel.
signal. The PSD performance was evaluated by differentiating
the low-interference N-continuous signal, when two discon-
tinuities of the derivatives of the N-continuous signal were
considered, respectively, at the beginning and end of the
smooth signal. Since the two discontinuities may be associated
with different continuous derivative orders, we have studied
the effect of the HDO and the length of the smooth signal
on the sidelobe decaying upon introducing another smooth
signal, which was also linearly combined by some other basis
signals. From the results we conclude that, when the HDO and
the length of the smooth signal are increased, the significantly
improved sidelobe suppression can be obtained. Furthermore,
in the multipath fading channel, considering the delayed tail of
the smooth signal causing different interferences in different
paths, we provided the asymptotic expression for computing
the BER by deriving the closed-form expression of SINR. It
was found that by reasonably choosing the above two param-
eters, the low-interference scheme can achieve a promising
balance between sidelobe suppression performance and BER.
APPENDIX
Substituting (48) into (47) yields
pb(E) =
2√
J log2
√
J
log2
√
J∑
u1=1
(1−2−u1)√J−1∑
u2=0
(−1)⌊
u22
u1−1√
J
⌋
·
(
2u1−1 −
⌊
u22
u1−1
√
J
+
1
2
⌋)
I1, (51)
where
I1 =
σ−∫
0
Q
(
(2u2 + 1)
√
3γ
J − 1
)
Mσ2n
E{α}(1− 2σ2wγ)2
· e−
Mσ2nγ
E{α}(1−2σ2wγ) dγ. (52)
Similar to [23], by using Q(x) = 12 (1 − erf( x√2 )) and the
error function’s Maclaurin series erf(x) = 2√
π
+∞∑
v=0
(−1)vx2v+1
v!(2v+1) ,
we have
I1 =
σ−∫
0
1
2
(
1− erf
(
(2u2 + 1)
√
1.5γ
J − 1
))
· Mσ
2
n
E{α}(1− 2σ2wγ)2
e
− Mσ
2
nγ
E{α}(1−2σ2wγ) dγ
=
1
2
− 1
2
σ−∫
0
erf
(
(2u2 + 1)
√
1.5γ
J − 1
)
· Mσ
2
n
E{α}(1− 2σ2wγ)2
e
− Mσ
2
nγ
E{α}(1−2σ2wγ) dγ
=
1
2
− 1√
π
+∞∑
v1=0
(−1)v1Mσ2n
v1!(2v1+1)E{α}
(
3(2u2+1)
2
2(J − 1)
)v1+ 12
I2,
(53)
with
I2 =
σ−∫
0
γv1+
1
2
(1− 2σ2wγ)2
e
− Mσ
2
nγ
E{α}(1−2σ2wγ) dγ. (54)
Then, using the Taylor series expansion of ex in (54), we
can obtain that
I2 =
+∞∑
v2=0
(−Mσ2n)v2
v2!(E{α})v2
σ−∫
0
γv1+v2+
1
2
(1− 2σ2wγ)v2+2
dγ. (55)
Furthermore, conditioned on | arg{1 − 2σ2wσ−}| < π and
Re{v1 + v2 + 32} > 0 [24], we have
σ−∫
0
γv1+v2+
1
2
(1− 2σ2wγ)v2+2
dγ =
(σ−)v1+v2+
3
2
v1 + v2 +
3
2
· 2F1(v2 + 2, v1 + v2 + 3
2
; v1 + v2 +
5
2
; 2σ2wσ
−). (56)
Finally, upon substituting (53), (55), and (56) into (51), we
can obtain the BER expression shown in (49).
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